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Abstract 

A simple Hamiltonian manifold is a closed connected symplectic manifold equipped with 
a Hamiltonian action of a torus T with moment map $ : M — > t* , such that has exactly two 
connected components, denoted Mq and Mi. We study the differential and symplectic geometry 
of simple Hamiltonian manifolds, including a large number of examples. 
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1 Introduction 

Let M be a closed connected symplectic manifold equipped with a Hamiltonian action of a torus 
T = (S^)", and let $ : M — )• t* denote the moment map. The celebrated Atiyah Guillemin- 
Sternberg convexity theorem states that the image of the moment map ^> is the convex hull of the 
image of the fixed points, $(M^). This polytope is a single point, that is, the moment map is 
constant, if and only if the action is trivial. So long as the action is non-trivial, this polytope $(M) 
must have at least two extreme points. In this paper, we consider the simplest non-trivial case, 
when M'^ has exactly two components, and so <I>(M) is 1-dimensional polytope. 

We define a simple Hamiltonian manifold to be a closed connected symplectic manifold 
equipped with a Hamiltonian action of a torus T with moment map $ : M — t- t*, such that 
M'^ has exactly two connected components, denoted Mq and Mi. As noted above, this is the 
minimum possible number of fixed components. We describe a simple Hamiltonian manifold by 
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the triple {M,Mq,Mi), and let 2mj and 2m be the dimensions of Mi and M respectively, and set 
2rj = codimMj = 2m — 2mj. 

In what follows, we explore the geometry associated to simple Hamiltonian manifolds. We es- 
tablish the basic topology of a simple Hamiltonian manifold, using the moment map as the key tool, 
in Section [2j Then we turn to cohomology constraints on simple Hamiltonian manifolds in Sec- 
tion [Sj including comments about how this relates to several recent papers on this topic. In Section 
m we study bundles over the Mj and the gauge groups of these bundles, and prove our first main 
theorem giving necessary conditions for two simple Hamiltonian manifolds to be T-equivariantly 
diffeomorphic. Next, in Section [5l we turn to the special case when Mi has codimension 2 in M, 
and characterize M in terms of Mq. In this special case, we may also classify M up to T-equivariant 
symplectomorphism, as we show in Section [6l Finally, the last section of the paper is devoted to 
examples of polygon spaces. 

There has been a flurry of recent work on Hamiltonian S^-manifolds that are in some sense 
minimal. Tolman introduces Betti number constraints in [H], and shows that only a finite number 
of cohomology rings can occur. These constraints are explored further in jllj when the fixed set has 
exactly two components, that is the manifold is a simple Hamiltonian manifold. The differential 
geometry of simple Hamiltonian manifolds with minimal Betti numbers is discussed in |12j ; this 
work may be related to our results in Section HI Another natural hypothesis is that the circle action 
be semi- free, as is the case for weight simple Hamiltonian manifolds discussed below in Section [2j 
The implications of this hypothesis are developed further in [5} I15j. 

We now conclude this Introduction with a handful of examples of simple Hamiltonian manifolds. 

Example 1.1 Let M = CP" with a circle action given by 

g ■ [zq : ■ ■ ■ : Zn] = [gzo : ■ ■ ■ : gzk : Zk+i : ■ ■ ■ : Zn] , 
for g G S^. This is a simple Hamiltonian manifold (CP", CP^, CP"~'^~^). 

Example 1.2 A simple Hamiltonian manifold M with M'^ discrete is diffeomorphic to S^. In this 
case, the moment map is a Morse function with exactly two critical points, which implies that M 
is homeomorphic to a sphere S^. As M is symplectic, it must be diffeomorphic to S'^. 

Example 1.3 The symplectic cut of a weight bundle. We may use Lerman's symplectic cuts |10] 
to produce a simple Hamiltonian manifold from a symplectic manifold equipped with a complex 
vector bundle. Let Mq be a closed symplectic manifold and let i/q: V ^ Mq be a complex vector 
bundle of rank k. Viewing S"^ C C as the unit complex numbers, there is a natural S'^-action on this 
bundle, namely fiberwise complex multiplication. We assume that the total space V is equipped 
with a symplectic form so that this S^-action is Hamiltonian. The moment map cj): V ^ M. has only 
as a critical value. Let M be the symplectic cut of y at a regular value i > oi (p. This gives a 
simple Hamiltonian manifold (M, Mq, Mi) with Mi the symplectic reduction of V at i. The bundle 
projection descends to a map M — )• Mq with fibre CP*^. Thus, M = P(^'o), the total space of the 
CP^'-bundle associated to uq and Mi = P(z^o); the total space of the CP'^~^-bundle associated to 
z^o- The case /c = 1 is described in \13\ Example 5.10]. 

Example 1.4 Let M = Gfc(C^') be the Grassmannian manifold of complex /c-planes in C, endowed 
with a C/(r)-invariant symplectic form. As a homogeneous space, M = U{r)/{U{k) x U{r — k)). We 
may endow M with a symplectic form by identifying it with the U{r) coadjoint orbit of Hermitian 
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r X r matrices with eigenvalues consisting of k ones and (r — k) zeros. The maximal torus T of 
diagonal matrices in U{r) acts in a Hamiltonian fashion on M, and we consider last coordinate 
circle of this torus. Under the identifications we have made, this action has moment map 



where ^4 is a symmetric matrix and Ur^r its bottom right entry. Then M is a simple Hamiltonian 
manifold with moment map image the interval [0, 1]. We identify 



r / 



Mo = { 



B 



[ V 



\ 


0/ 



where i? is a symmetric (r — l) x (r—l) matrix with eigenvalues consisting of k ones and (r — k—l) 
zeros. Thus, Mq = Gk~i{C^"^)- The second fixed component is 



r / 



Ml = { 



B 



[ V 



\ 


1/ 



where B is a symmetric (r — 1) x (r — 1) matrix with eigenvalues consisting of {k — 1) ones and (r — k) 
zeros; so Mi = Gfe(C^'~^). The real locus (for complex conjugation) of this simple Hamiltonian 
manifold is discussed in 0[ Example 5]. 



Example 1.5 If M is a simple Hamiltonian manifold and is a connected compact symplectic 
manifold, then M x N is a simple Hamiltonian manifold, where g ■ {x, y) = (gx, y) for g £ T and 
(x, y) £ M X N. 

Example 1.6 Grassmannian manifold (I^"*^^) of oriented 2-planes in R'""^^. See Figure [LT] and 
its legend, describing moment polytopes for (M^) and (52 (M'^). These simple manifolds play an 
important role in [21 [TTl [12] . 



Acknowledgements: The first author had fruitful conversations with Y. Karshon and S. Tolman 
at the conference on moment maps organized in the Bernoulli Center (EPFL) in August 2008. The 
second author would like to thank Y. Karshon, D. McDuff, and S. Tolman for useful conversations. 



2 Preliminaries 

Standard properties of moment maps, which may be found in pQ, immediately imply the following 

Lemma 2.1 Let {M, Mq, Mi) be a simple Hamiltonian manifold with moment map $ : M — >• t*. 
Then 

(i) the moment polytope A = $(M) is a line segment. 
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(a) (b) 

Figure 1.1: In Figure (a) there is the T^-moment polytope for G2{^^), together with a projection 
for an S^-moment map for which this manifold is a simple Hamiltonian manifold. Both Mq and Mi 
in this case are diffeomorphic to P^. Figure (b) shows the T^-moment polytope for G2(M'^) and a 
projection for an S'^-moment map for which this manifold is a simple Hamiltonian manifold. Both 
Mq and Ml in this case are diffeomorphic to P^. 

(a) $ is a M or se-Bott function onto A with exactly two critical values, namely the endpoints of 
A. □ 

We think of the circle as the complex numbers of norm 1. The Lie algebra Lie(5'^) may then 
be identified as iM, with basis vector Ini. We may use the dual basis to identify Lie(5^)* with 
M. The group of characters of T is T = Hom(T, S^), the set of smooth homomorphisms. This is 
isomorphic to the linear maps from M = Lie((S'^)* to t* that send Z to the weight lattice. Taking 
the image of 1 identifies T with the weight lattice inside t*. 

Lemma 2.2 Let (M, Mq, Mi) be a simple Hamiltonian T-manifold with moment map $ : M — >■ t*. 

Then there is a unique character x £ ^ such that 

(i) the T -action a: T ^ Diff (M) is of the form a = aox where a: ^ Diff (M) is an effec- 
tive action making (M, Mq, Mi) a simple Hamiltonian S^-manifold. We call a the residual 
action. 

(a) The residual action a admits a moment map M — )• M such that $(Mo) = and ^(Mi) > 0. 

Moreover, the above character x, seen as an element of the weight lattice, is a positive multiple of 
$(Mi) - $(Mo). 

Remark 2.3 The character x of Part (ii) of Lemma l2.2l is the associated character to the simple 
Hamiltonian manifold (M, Mq, Mi). The moment map ^ : Af — t- M is called the residual moment 
map. This lemma reduces the classification of simple Hamiltonian T-manifolds to the case of 
simple Hamiltonian 5^-manifolds, for effective circle actions. 

Proof: As the moment polytope is 1-dimensional, T = T/kera is a 1-dimensional torus (see 
e.g. [H § III.2.b]). Choosing an identification of T with gives a character x and a residual action 
a with moment map ^>: M — t- M (with <^{Mq) =0). we denote by 2mj and 2m the dimensions of 
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Mi and M and we set 2rj = codimMj. As a = aox, this implies that is a moment map for 
a, proving the last statement. The uniqueness statement (ii) follows from the fact that the two 
identifications of T with differ by the sign of ^. Q 

Let {M, Mq, Ml) be a simple Hamiltonian T-manifold. Recall that M always admits a T- 
invariant almost complex structure J that is w-compatible: J is an isometry for u and uj{v, Jv) > 
for all non-zero tangent vectors f to M (see, for example, [13^ §2.5] or [21 Part V]). Then 
{v, w) = uj{v, Jw) defines a Riemannian metric on M and ( , ) + iu}{, ) is a T-invariant Hermitian 
metric. The space of T-invariant w-compatible almost complex structures on Ad is denoted by 
i7(M, w) and is contractible (see [IHl Proposition 4.1 and 2.49] or [21 Prop. 13.1]). Therefore, 
choosing J G J{M, u) endows the tangent bundle TM with a ?7(r)-structure whose isomorphism 
class is well-defined. As the Mi are symplectic submanifolds, the normal bundles Vi = TM\Mi/TMi 
are also Hermitian bundles, with structure group U{ri), and these structures are well-defined up to 
isomorphism. Observe that Vi is isomorphic to the orthogonal complement to TMj in TM\Mi with 
respect to the Riemannian metric associated to J. 

The U{ri) structure on Ui is T-invariant, so the bundle decomposes into a Whitney sum of 
T- weight bundles. It follows from Lemmas 12. II and 12. 21 that the weights which occur are multiples of 
X- If 1^0 (or, equivalently, i^i) is itself a weight bundle, we call M a weight simple Hamiltonian 
manifold. For instance, M is a weight simple Hamiltonian manifold when codimMo = 2 or 
codimMi = 2. The Grassmannian manifold G'2(M'""'~^) of Example 1.1.6 is not a weight simple 
manifold. Observe that M is a weight simple Hamiltonian manifold if and only if the residual 
action is semi-free. By |1H Proposition 8.1], a simple Hamiltonian manifold (M, Mo,Mi) with 
m = rriQ + mi -|- 1 is a weight simple Hamiltonian manifold unless dim Mq = dim Mi . 

Remark 2.4 In the above discussion the Hermitian bundle i^i is the underlying bundle of a Her- 
mitian bundle i>j endowed with a T-action. We do not distinguish these two notions because in 
the case of interest for us, where {M, Mq, Mi) is a weight simple manifold, Oi is determined by fj. 
Indeed, T acts on uq via the character x- ^ composed with complex multiplication on the 
fibers. The same holds for i^i, replacing x by x~^- 

Let (M, Mq, Ml) be a simple Hamiltonian T-manifold with residual moment map ^: M — t- M. 
Let ^ > defined by {£} = $(Mi). Define 

Vo = ^~H[0,i/2]) and Vi = ^~\[i/2,i]) . 

Lemma 2.5 For i = and 1, Vi is a T-invariant (closed) tubular neighborhood of Mi in M. 

Proof: We prove this for the case i = 0, and mention the necessary adaptations to complete the 
case i = 1. Our proof given is not the most efficient, but it introduces techniques which are useful 
in subsequent sections. Passing to the residual action, we suppose that T = S^. 

Choose an S'^-invariant almost complex structure J on M. This makes i'q an 5'^-equivariant Her- 
mitian bundle with structure group U{ro). We denote by E{vq) its total space and by p: E{vq) — )• 
Mq the bundle projection. Denote by S{vq) C E{vq) the associated unit sphere bundle. For e > 0, 
let Df,{vQ) C E{vq) the disk bundle formed by the The elements of E{vq) of norm > e. An element 
of Di,[vq) may be written under the form rz, with z G ^(z^o) ^-^d r G [0,e], with the identification 
Oz = p{z). 

As uq is a Hermitian bundle, each fiber of E{vq) carries a symplectic form, isomorphic to the 
standard form on C^" via a trivialization. The orthogonal sum with the symplectic form on Mq 
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provides a symplectic form on E{vq). The same construction works for the almost complex 
structure and the Riemannian metric, so there is a compatible triple (w'^, J*^, ( , )°) over E{vq), 
extending the given one over Mq. 

Let b: Di,{vq) — )• M be the S'^-equivariant tubular neighborhood embedding given by the ex- 
ponential with respect to the Riemannian metric ( , ), for e > small enough. The two symplectic 
forms uj^ and b*uj coincide on Mq. By [131 Lemma 3.14], there is a tubular neighborhood embedding 
h: Di;i{vq) — )• Dfr{vQ) such that h*b*uj = u^. Based on Moser's argument, the construction of h can 
be made S^-invariant (see, e.g. [U Remark IL1.13]). Thus, replacing b with boh and e with e' if 
necessary, we may assume that b*uj = u^. Pushing the triple {uj^, J^,{,)^) down to M via 6, we 
get a compatible triple {u, , { ,)^) near Mq. 

Choose a smooth function 5q: [0,i] — >• [0, 1] which is equal to near and so that the support 
of (1 — 5o)o^ is contained in the interior of b{Ds{i'o)). Recall that the space J'{b{D^{i'Q)),uj) of 
5^-invariant w-compatible almost complex structures on b{Di;{vQ)) is contractible. The standard 
proof of this, for example in [131 Propositions 4.1 and 2.49], actually provides a path [s G [0, 1]) 
from to = J. The formula 

4 = 4ooi(x) g AuIkT^M 

makes sense for all x G M and provides a w-compatible almost complex structure on M. We 
say that J' is obtained by straightening J around Mq, using the straightening function 6q. The 
almost complex structure J' determines a Riemannian metric ( , )' on M, and hence we have an 
5^-invariant compatible triple (w, J', ( , )') on M. 

Let us consider the gradient vector field Grad^l for the metric ( , )'. This vector field depends 
only on J' , since grad $ = J'X, where X is the fundamental vector field of the Hamiltonian residual 
circle action. A J'-gradient line is the closure of a trajectory of Grad^>. 

Suppose that M is a weight simple manifold. We claim that for each vector z G S{i^o), there 
is a unique J'-gradient line that is tangent to z and that hits Mq at a point p{z). This process 
parametrizes the gradient lines by S{i'q). To see this, we transport ourselves into De(i^o) via b. 
If M is a weight manifold, the restriction of the moment map ^>o6 on each fiber is just the norm 
square. The level surfaces of (pob are round spheres and the J'-gradient lines are the radial lines to 
the zero sections. Checking this also makes it clear that the equation 

/3o(r,^) = r,n^-i(^) (2.1) 

defines a map Pq: D^vq) — )• M which is an S'^-equivariant smooth embedding with image Vq. This 
completes the proof of Lemma 12.51 for i = when M is a weight simple manifold. The case i = 1 is 
analogous. We reverse the orientation of the gradient lines, and for (r, z) G [0, Vi] x Di, we define 
/3i(r, z) to be the point y G such that ^(y) = ^^-f-- 

Finally, when M is not a weight manifold, the level surfaces of (j)ob are ellipsoids and the above 
process does not work: it requires that the Hessian of (j)ob is proportional to the metric ( , To get 
around this difficulty, we precompose b with an automorphism of vq which transforms the ellipsoids 
into round spheres. We use this new tubular neighborhood b" : Df^n — ?• M to transport the metric 
( , )" on a neighborhood of Mq in M, providing a Riemannian metric ( , )" on this neighborhood. 
This metric may be mixed with ( , ) using a function like 5 to obtain an S'^-invariant Riemannian 
metric (,)~ on M. Then Equation ()2.ip together with the metric (,)~ provides an S^-invariant 
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smooth tubular neighborhood embedding with image Vq. Note that the metric ( ,) is no longer 
compatible with the symplectic form, but this is not necessary for the proof of Lemma 12.51 Q 

3 Cohomology constraints 

In this paper, H*(-) denotes the cohomology ring of a space with rational coefficients. Recall that, 
for (M, Mq, Ml) a simple Hamiltonian manifold, 2mi and 2m are the dimensions of Mj and M 
respectively, and that 2rj = codim Mj . 

Proposition 3.1 Let (M, Mq, Mi) be a simple Hamiltonian manifold. Then for i,j G {0,1} and 
i ^ j, there are short exact sequences 

H*{Mi)^0 (3.1) 

H*{Mi)^0, (3.2) 
where the right hand homomorphisms are induced by inclusion. 

Remark 3.2 This is related to the results in [HI §3]. Here we do not need to assume that the 
cohomology of Mq and Mi is concentrated in even degrees because the moment map provides a 
perfect Morse-Bott function that allows us to deduce the result. 

Proof: Let Vj be the tubular neighborhood near Mj given by Lemma 12.51 that satisfies Vi = 
M — intV^-. We first note that the cohomology exact sequence of the pair (M, V^) splits into short 
exact sequences 

^ H*{M, Vi) H*{M) H*{Vi) . (3.3) 

This is related to the fact that the residual moment map is a perfect Morse-Bott function. A proof 
of (13. 3p for the T-equivariant cohomology is given in [15| Proposition 2.1]. Exactness of ()3.3p then 
follows because Mj is T-fixed, so the map H^{Mi) — )■ H*{Mi) is onto. By excision of int Vi and the 
Thom isomorphism, 

H*{M, Vi) ^ H*{Vj,dVj) w {Mj) . (3.4) 

Then (13. 3p and (13. 4p give exactness of Sequence (13. ip . 
Next, Poincare duality for Vj implies that 

H*{M, Vi) ^ H*{Vj,dVj) « H2m^,{Vj) « H2m-*iMj) . (3.5) 

Thus (|3.3p and ()3.5p imply exactness of Sequence (|3.2p . Q 
Let P,Pi G 1j[t] be the Poincare polynomials of M and Mj. 

Corollary 3.3 The Poincare polynomial Pq together with ro and ri determine both Pi and P by 
the following equations: 

(l-t^n^p^ = (l-t2nApp 

(3-6) 

(l-t2n)p = (1 -i2(ro+r-i))p 



^ H*-"^"'^ {Mj) H*{M) 

and 

0^ H2.m-*{Mj)^ H*{M) 



7 



Proof: Sequences (j3.ip for i = and i 



1 immediately give the following equations 



P 



Po + t 
t^^°Po + 



P 



Pi 



(3.7) 



from which we may deduce the equations of Corollary 13. 3i Note that Equations (|3.7p are just the 
Morse-Bott equalities for the residual moment map and its opposite. Q 

Corollary 3.4 Let {M,Mq,Mi) be a simple Hamiltonian manifold with ri = 2. Then there are 
additive isomorphisms 



Proof: Suppose that M is obtained by a symplectic cut of the trivial bundle Mq x C^°. Then 
Ml = Mq X CP''""^ and M = Mq x CP^°, which proves the lemma in this case. The general case 
follows from Corollarv l3.3[ Q 

Remark 3.5 It is not true that Pq together with ri determines the cohomology ring H*{M). For 
instance, for the symplectic cut of a weight bundle vq over Mq given in Example 11.31 the ring 
structure on H*{M) depends on the bundle vq. For Mq = and ro = 1, M is diffeomorphic to 
52 X 52 if ci{uq) is even and to CP^CP'^ if ci{uq) is odd. 

The first equation in (j3.6p implies the following corollary. 

Corollary 3.6 If rQ = ri, then Pq = Pi. □ 

The following proposition appears as a special case of the first centred equation in [TT]. In the 
case of a simple Hamiltonian manifold, their inequality is precisely this one. 

Proposition 3.7 Let (M, Mo,Mi) he a simple Hamiltonian manifold. Then 



Proof: Suppose that 2ri > 2mo + 2. The first equation of (fSTT]) then imphes that H'^'^°+'^{M) = 
0, which is impossible as M is a closed symplectic manifold of dimension > 2mo + 2. Hence, 
2ri < 2mo + 2, which implies that 2m < 2mo + 2mi + 2. Q 

Lemma 3.8 Let {M, Mq, Mi) be a simple Hamiltonian manifold. Then 



these isomorphisms being induced by the inclusions Mi C M . 

Proof: As rui > 1, the abstract isomorphisms come from Equations (j3.7p . By Proposition 13. H 
inclusions Mi C M induce surjective homomorphisms, which are then isomorphisms. Q 

Proposition 3.9 For a simple Hamiltonian manifold (M,Mq,Mi), the following conditions are 
equivalent. 



H*{Mi) H*{Mq) ^ H^CP"-^'-^) and H*{M) ^.^^ H*{Mq) ® H^CP"-'). 



m < niQ + mi + 1 



H\Mq)^H\M)^H\Mi), 
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(a) H°'^'^{Mq) = 0. 
(h) H°'^'^{Mi) = 0. 
(c) H°'^'^{M) = 0. 

Proof: By the first equation of (|3.6p . Conditions (a) and (b) are equivalent. By Equation (j3.7p . 
(c) is equivalent to (a) and (b) together. Q 

Example 3.10 Suppose that M has the cohomology of CP". Then Mq and Mi have the coho- 
mology ring of a complex projective space. Indeed, their cohomology groups vanish in odd degree 
by Proposition 13.91 Also, their Betti numbers are < 1 by Proposition 13.11 and they are symplectic 
manifolds. The first equation of (j3.7p . implies that mo + mi + 1 = m, as in Example 11.11 (For 
Ml = pt, this is a result of [6l Theorem 1]). 

Remark 3.11 The extreme case in Proposition 13.71 i-e- "t- = "T'O + "t-i + 1, is studied in [U], [11] 
and jl2j . Much stronger restrictions than what we prove in this section hold in that special case. 
In that context, the ring H*{M;Z) must be isomorphic either to H*{CP^"-) or to i?*(G'2(M™+2)), 
and M is necessarily simply connected. Moreover, Mi and M2 each have the homotopy type of a 
complex projective space. 

4 Diffeomorphism invariants 

Let Mq and Mf be fixed closed smooth manifolds (the exponent a stands for abstract). We also 
fix two Hermitian vector bundles i^f: Ej — )• of complex rank r^. The isomorphism class [f?] of 
the abstract normal bundle may be considered as an element of [M^,BU{ri)]; we write 

[^1 = Kl) e [MS,BUiro)] X [M^,BU{ri)]. 

A [z>°^]-simple Hamiltonian T-manifold consists of a weight simple Hamiltonian T-manifold 
{M, Mq, Ml) together with diffeomorphisms : Mf Mj for z = 0, 1, such that a*[i^i] = [lyf]. 
Here, = TM\Mi/TMi is the concrete normal bundle to Mi in M which can be endowed with a 
f7(rj)-structure group via the choice of an almost complex structure J G J{M, uj). The isomorphism 
class [ui] is well-defined (see the discussion before Remark [2.4p . Two such objects ((M, Mq, Mi), ai) 
and ((M', Mq, M(), a^) are considered equivalent if there is a T-equivariant symplectomorphism 
h: M ^ M' such that hoai = a'^. The set of equivalence classes of [z^'^J-simple Hamiltonian 
T-manifolds is denoted T~L{[v'^]). 

The first invariant associated to a class M G T-L{[v'^]) is the character x(-^) ^ ^ defined in 
Lemma |2.2[ Note that, since M 7^ M-^, the map x'-T ^ is surjective. As we are dealing with 
weight manifolds, the residual action is semi-free, with residual moment map: $: M — )• [0,£], that 
sends Mq to 0. The number I = 1{M.) > is another invariant of the class M. G "^([1^"]), called 
the T-size of M. 

Note that uf and the character x determine unique T-equivariant weight bundles, as discussed 
in Remark 12.41 Thus, vf is T-equivariantly isomorphic to the concrete normal bundle Vi of a 
representative of Associated to the abstract normal Hermitian bundle vf, we have: 

• the total space Ej with its bundle projection pi: Ej — )■ Mf. 
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• the abstract sphere bundle Sj — )• Mf (fiber S'^'"' where Sj = {z G Ej | \z\ = 1}. 

• the abstract disk bundle D,/ — )• Mf (fiber the unit disk in C^'), where Bj = {z G Ej | \z\ < 
1}. We also consider the disk bundle Dj ^ = {z G Ej | |z| < e}. 

• the abstract projective bundle Pj — )• Mf (fiber CP^'''"^), where Pj = The projec- 
tion r/.j : Sj — ^ Pj is a principal S'-'^-bundle with Euler class e(?7j) G //^(Pj; Z). 

• the extended gauge group Q{i^f), defined by pairs of isomorphisms that fit into commuta- 
tive diagrams 

Ei Ei 

where 51 is smooth and its restriction to each fiber is an isometry. Those isomorphisms with 
^ = id form the usual gauge group G{i'i). There is thus an exact sequence 

1 ^ GK) ^ a(i^r) ^ Diff (Mf , K]) ^ 1, (4.1) 

where Diff (Mf , [I'i]"') denotes the group of diffeomorphisms h : Mf — Mf that satisfy h* [uf] = 
[vf]- The group Q{i'i) acts naturally on each of the above associated bundles. 

• the extended gauge group G{r]i), defined by pairs of isomorphisms that fit into commutative 
diagrams 

Si 




such that g is smooth and 5 -equivariant. Those isomorphisms with g = id form the usual 
gauge group ^(r/j). 

The T-action on I'f induces a T-action on all the abstract sphere and disk bundles which 
commutes with the actions of the extended gauge groups. 

Let ((M, Mq, Ml), aj) represent an element of T-L{[i'"']). Choose a compatible almost complex 
structure J on M, and consider its associated Riemannian metric. As discussed above, this endows 
the concrete normal bundle Vi = TM\Mi/TMi with a T- invariant Hermitian structure, making 
it isometric to the orthogonal complement of TMi in T^i. Choose Hermitian vector bundle iso- 
morphisms 7i : Ej — )• E{ui) covering aj. These induce isomorphisms on the associated bundles: 
7i : §1 — )• S{vi) and so forth. We also get a tubular neighborhood embedding h: Bj^e — )• M of Mi in 
M. We now proceed as in the proof of Lemma l2.5[ We may use the embedding h to straight the 
Riemannian metric around Mj, using straightening functions 5j : [0,£] — ?• [0,1]. The gradient lines 
for the moment map and the straightened metric provide a T-equivariant smooth embedding 
^0: Bo^Mby 
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where r^^^^) is the unique gradient hne starting from po{z) in the direction of 70 (z). The T- 
equi variant embedding /3i : Bi — )• M is defined symmetricahy. The image of /3o and /3i are the 
T-invariant tubular neighborhoods Vq = (j)~'^{[0,i/2]) and Vi = (j)-^{[e/2,i]). 
The map 

V^ = /3o-io/3i: Si ^§0 (4.2) 

is a diffeomorphism which anti-commutes with the S^-action. Let S^u"") be the space of such 
diffeomorphisms ip: Si — )• So- Observe that ip descends to a diffeomorphism ip: Pi — )• Pq- By pre- 
composition, the extended gauge group Q{i^i) acts on the right on i5(z^") and, by post-composition, 
Q{!^q) acts on the left on 8[v"'). These two actions commute and descend to the isotopy classes, 
giving actions of ■kq{Q{vi)) and '/ro(^(t'o)) on ■kq{£{v'^)). We can restrict these actions to the usual 
gauge groups. Define the set by 

£m) = MQH))\M£{^l)/MQ{^t)) (4.3) 

The notation £[[v"']) makes sense because the above double coset depends only on [i/"]. More 
precisely, let u' = (z^q,i^() and v" = [vq^v'D be two representatives of [y"']. Choosing principal 
bundle isomorphisms Ki : E{v'^) — E{v'-) produces a bijection k between the double quotient ()4.3p 
for v' and v" . Since we have divided out by the action of the gauge groups, the bijection k does 
not depend on the choice of the KiS. 

Lemma 4.1 The above construction provides a well-defined map 

Proof: Let ((M, Mq, Mi), a,) represent a class M € 'H{[v"']). The definition of the diffeomorphism 
ip of (14. 2p involves three choices: 

(a) the compatible almost complex structure J on M; 

(b) the C/(rj)-isomorphism 7^ : Ej — t- E{ui); and 

(c) the straightening functions 5j : [0,£\ — )• [0, 1]. 

Once the choices (a) and (b) have been made, the straightening functions Jq and 61 belong to 
convex spaces, so their choice does not change ^p in 7ro(<f (i^)). If we choose instead 7j : Ej — )• E{i^i) 
for (b), then 7j = Qio^i with gi G G{i^i)- Hence, = Qooipogi, proving that ip and tp represent the 
same class in £^([z/]). Finally, the choice of (a) does not change the class since compatible almost 
complex structures on M form a contractible space. 

Now, let ((M, Mq, Ml), ai) be another representative of A^. Let h: M — )■ Af be a T-equivariant 
symplectomorphism realizing the equivalence. Choose a compatible almost complex structure J on 
M. Then J = Th~^oJoTh is a compatible almost complex structure on M, which may be used, 
together with the above Hermitian bundle isomorphisms ji to get a representative ip of ^{M). 
The construction is transported via h to M, using J, setting = Thoji, and using the same 
straightening function. We thus get embeddings /3j = /io/3j : Dj — t- M' which can be used to define 
ip: Si — >• §0; which then satisfies 

xP = ^^K^^ = /3^Kh-\hol3i=tp. □ 
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Let us consider the following quotients of the set £{[u°']): 

s'm) = MOK))Voin'^n)/Mo{i^^)) (4.4) 

and 

f °'(K]) = MSHWoiSi'^D/MGi'^f)) (4.5) 

The compositions of the map ^: 'H{i'^]) — t- £{[u^]) with the projections onto £^{[u^]) and 
£^^{[i'"-]) are denoted by and 

Theorem 4.2 Let {{M, Mq, Mi), ai) and {{M' , M(), M[),a'i) represent classes M and M' m'H{[v'']), 
with x(-^) = x(-^')- Denote the reduced moment maps by ^: M ^ [0,£] and M — )• [0,£'], 
where i and i' are the T-sizes of M and M' . 

(a) If we have '^{M) = '^{M'), then there is a T-equivariant diffeomorphism h: M ^ M' 
satisfying 

i' - 

$'o/i=_$ (4.6) 

and such that hoUi = a[ for i = 0, 1. 

(h) If we have '^^{M.) = ^^(A^'), then there is a T-equivariant diffeomorphism /i: M — )■ M' 
satisfying (j4.6p and such that hoao = Oq. 

(c) If 'i>^^{A4) = "^^^{Ai'), then there is a T-equivariant diffeomorphism h: M ^ M' satisfy- 
ing KB . 

Equation (j4.6p means that ^'oh = cro$ where a is an affine isomorphism of t* of ratio i'/i. 

Proof: For Part (a), choose {J,ji) and (J', 7-) as above, getting T-equivariant embeddings /3j 
and /3- and V'jV'' £ '^(^)- The condition ^(Ai) = ^(Ai') implies an equation in ttq{£{i')) of the 
form [ip'] = gi[ip]go with gi G Qi. Changing into Jiog^^ , we get that [■0] = ["0'] in 7ro(i5(z^)). Now, 
the embeddings /3j produce a T-equivariant diffeomorphism N^p = Bq Bi — ^ M extending ao 
and ai. In the same way, the embeddings /3- produce a T-equivariant diffeomorphism 

N^' = Bo U^' Bi ^ M' 

extending Oq and a'^. As [V'] = there is a smooth T-equivariant isotopy 

6: So X [1/2,1] ^§0 X [1/2,1], 

preserving the projection onto [1/2,1], such that b{z,t) = {z,t) for t near 1/2, and b{z,t) = 
{ip' oip~^[z),t) for t near 1. This isotopy extends, by the identity near the null-section, to a T- 
equivariant diffeomorphism 5: Bo — s- Bo. Now, b together with the identity on Bi gives a T- 
equivariant diffeomorphism B : N^f, N^i . Finally, observe that the level sets of the maps ^oq and 
^oq' are the manifolds j^^j = constant in Bj. These level sets are preserved by the diffeomorphism 
B. By the definition of the embeddings /3i and j3[, this proves Equation (|4.6p and completes the 
proof of (a). Parts (b) and (c) are proven in the same way, but the elements gi that occur in the 
above argument are now in Qi instead of Qi. Q 
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In order to get applications of Theorem 14.21 we now provide a different description of 
and its quotients. Choose an element h G i?([z^"]), if is non-empty. Then any h € ^^([2^"]) is 

of the form h = ho[h~^ oh) and h~^oh £ G{t]i)- Hence, the map g 1— t- hog provides a bijection from 
G{r]i) onto <?(M). Now, there is an injection Q{i'o) ^ "^CM) given by 7 1— >• 70/1. Composed with 
the above bijection G{tji) gives an injective homomorphism 

GH) ^ Givi) 

defined by 7 1— t- hojoh~^. We have proven the following proposition. 

Proposition 4.3 If£{[i']'^) is not empty, the choice of h £ £{1/°') provides bijections 

^(K]) ^ MSK))\MSivi))/MGi'^^)) , 

and 

^ MQK))\MG{m))/MS{^i)) , 

where the inclusion ^(I'o) ^ OiVi) is given by ^ ^ h~^ojoh. 

5 The case ri = 1 

The results of this section follow from the following proposition. 
Proposition 5.1 Let be closed smooth manifolds for i = 0,1. Let 

[^1 = Kl) e [MS,BUiro)] X [M^,BU{r,)]. 
Suppose that ri = 1. Then £^[[v"']) is either empty or contains a single element. 
Proof: If <f^([i^"]) is not empty, then it is, by Proposition 14.31 ii^ bijection with 

MQK))\MG{vi))/MG(.'^i))- 

As ri = 1, lyf is isomorphic to the complex line bundle associated to rji. Hence, G{i^i) = Givi) 
which implies that <?^([i^]) consists of a single element. Q 

We now provide a criterion to determine, in Proposition 15. H whether ^^^([i'"]) is non-empty. 
Let T/j : Sj — 7- Pj be the 5'^-principal bundle associated to f?. Let Lj — )• Pj be the Hermitian line 
bundle associated to r/j. Let L~ — )• Pj be the conjugate line bundle, and denote its isomorphism 
class by [r/^"]. 

Proposition 5.2 Let Mf and [v""] as in Proposition \5.1[ The set ([^'"•]) is non-empty if and only 
if there exists a diffeomorphism k: Mf — )• Pq such that = [i^f]. 
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Proof: The diffeomorphism k would be covered by a diffeomorphism k: Si — )■ So which anti- 
commutes with the 5^-action. Such a h defines a class in i5^([z^"]). 

Conversely, a class in £^^([2^^^]) is represented by a diffeomorphism /i: Si — t- Sq which anti- 
commutes with the S'^-action. This descends to /i: Pi — )• Pq satisfying = As ri = 1, 

there is a bundle isomorphism between Ei and IL(r/i) (over the identity of Mf ). Hence, k = h \s 
the desired diffeomorphism. Q 

We now describe in details a basic example. 



Example 5.3 Let be a closed symplectic manifold. Let ^: E — t- be a Hermitian vector 
bundles of complex rank r. Each fibre of ^ is equipped with a symplectic form coming from the 
standard symplectic form on via a trivialization. Then the symplectic form on N as well as 
those on the fibres of ^ are the restriction of a unique symplectic form uo on E. The action of 

by complex multiplication is Hamiltonian, with moment map ^{z) = ^||z|p. Any £ > is 
a regular value, so we may take the symplectic cut Pi{^) of ^ at I. We thus get a simple S"^- 
Hamiltonian manifold {Pi{(,), N, Pi(^)), where Pe{^,) is the symplectic reduction of E at i. Using 
a non-trivial character x- T ^ S^, we get thus get a weight simple T-Hamiltonian manifold with 
residual moment map <j). We denote this simple Hamiltonian manifold by Cy-{N,^,t). 

Let us define abstract manifolds and normal bundles for C^{N We can take Mq = 
ao = id and = ^. Then there is a canonical diffeomorphism ai : Pq Pi{^) obtained by 
following the real vector lines in Eq = E. Hence, together with uq and ai, C^{N,(^,i) is a (A^, Pq)- 
simple Hamiltonian T-manifold. As seen in Proposition 15.21 [z/i] = [rj^]. 

The T-embedding /3o is induced by the embedding Pq-.Dq — )• Eq defined by /3o(''-2) = r\/lz. 
Using the identification Si = Sq , the elements of Bi may be written under the form rz with 
r G [0, 1] and z € Sq, with the identification Oz = z' = p{z) = p{z') when the projection of z and 
z' onto Pq coincide. The T-embedding /3i is then induced by the T-map /3i : Bq — )• Eq defined by 
j3i{rz) = r{VI - V2I) z. Hence, 

^{V) = [id] 

(the identity from Sq to Sq = Si anti-commuting with the 5" "^-multiplication, as expected). 

Theorem 5.4 Let (M, Mo,Mi) be a simple Hamiltonian T-manifold with T-size i, and associated 
character x- Suppose that ri = 1. Then there exits a T-equivariant diffeomorphism 

F:C^{Mo,i^oJ) ^ M 

commuting with the residual moment maps and such that F\mo = id. 

Proof: As ri = 1, we know M is a weight simple Hamiltonian manifold. Define Mq = Mq and 
set ao = id. Fix an almost complex structure on M compatible with the symplectic form and let z^q 
be the orthogonal complement of TMq in TM for the associated metric. By Proposition 15. 2| there 
exists a diffeomorphism ai : Po — )• Mi such that ai[i^i] = ["Ho]- Hence, ((M, Mo, Mi), Oj) represents 
a class in ^([z^]) for [z^] = ([i^q], [Hq])- So does the simple Hamiltonian manifold C-^{Mq,i>q,£) of 
Example 15.31 with its own a^'s. By Theorem 14.21 and Proposition 15.11 this completes the proof of 
Theorem 15.41 Q 

Theorem 15.41 implies that Mi is diffeomorphic to Pq. If, in addition ro = 1, then Po is diffeo- 
morphic to Mq and we have the following corollary, also found in [U Lemma 3.2]. 
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Corollary 5.5 Let {M, Mq, Mi) be a simple Hamiltonian manifold with vq = ri = 1. Then Afi is 
diffeomorphic to Mq. Q 



6 Classification up to T-equivariant symplectomorphism 

The philosophy of this section is shghtly different than in Section [H We fix a single closed smooth 
manifold Mq and a Hermitian vector bundles VqI Eq — )• Mq of complex rank tq, whose isomorphism 
class is denoted by [fg] € [Mq , BU{rQ)]. The associated bundles §o — ^ -^o and so forth, as well as 
r/o, are defined as in Section [H 

A [z^Q]-simple Hamiltonian T-manifold consists of a weight simple Hamiltonian T-manifold 
{M, Mq, Ml) together with a diffeomorphism ao : Mq Mq such that ao[i^o] = Wq]- Here, uq 
is the concrete normal bundle to Mq in M, represented by the orthogonal complement of TMq 
in Tm for the Riemannian metric associated to a T-invariant almost complex structure on M 
compatible with the symplectic form. In particular, = OqUq is a symplectic form on Mq. Two 
such objects ((M, Mq, Mi), qq) and ((M', Mq, M{), Oq) are considered as equivalent if if there is a 
T-equivariant symplectomorphism /i: M — t- M' such that hoaQ = o'q. The following are invariants 
of an equivalence class: 

• the associated character x and the residual action, which is semi-free, since we are in the case 
of weight simple Hamiltonian manifolds; 

• the T-size ^ > 0; 

• the symplectic form Uq on Mq; and 

• the codimensions vq and ri. 

Fixing [i/q], loq, £ and ri, we get a set of equivalence classes denoted by 



We are especially interested in the case ri = 1 . By Theorem 15.41 elements of ( [z^o] ^^qt^^^) 
are in bijection with classes of symplectic forms on C^{Mq: , Vq , i) coinciding with ojq on Mq and 
for which the T-action is Hamiltonian. Two such forms u and ui' are equivalent if there is a self- 
diffeomorphism F of C^(Mq , iy'Q,i), commuting with the reduced moment maps, such that F*uj = u' 
and F\m^ = id. 



Let Q''^™(Mq) be the space of symplectic forms on Mq, with the topology induced by the 
C~-topology in n'^{Mg). Define 



5° 



(K"],^Q^rl,£). 








where the last equation holds in de Rham cohomology H^^ 



(Mq-). 



Theorem 6.1 Suppose that ri = 1. Then there exists a bijection 



{[uS],u;^Q, IJ) ^ v^o(P((Mo^a;g), K],£)) . 
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Proof: Let M = C^{Mq, 1^0,1). As noted above, a class of a G 5°([z/q], cjg, 1, is represented 
by a symplectic form lo on M. Observe that there is a diffeomorphism from M/S^ to [0,i] x Mq. 
The first component is given by the residual moment map and the second one is induced by the 
projection Eq — )■ Mq. Each slice {A} x Mq is then endowed with a symplectic form a;(A) given by 
the symplectic reduction of Eg at A. This provides a map oj: [0,i] — )• ^'^^''"(Mq) with a;(0) = oJq. 
The equation [w(A)] = [uiq] + Xe^rjo) holds in H'^{Mq) by the Duistermaat-Heckmann theorem. 
Hence, w() defines a class in 'D{{Mq:,ujq), [i^Q],i) which we define to be 0(o). 

To see that is well-defined, suppose that u' is a symplectic form on M equivalent to lo. Let F 
be a self-diffeomorphism of M realizing the equivalence, so F*ljO = uj'{). The map F descends to 
a self-diffeomorphism F of [0, i] x Mq commuting with the projection onto [0, i]. Hence, F is of the 
form F(A,x) = {X,Fx{x)) where Fa is a self-diffeomorphism of Mq such that F^uj{X) = uj'{X) and 
Fo = id. For t G [0, 1], let ut : [0, £] Q*f™(Mo") be defined by ut{X) = F*^uj. The map t^ujt{) is 
a path in r2*^"^(MQ ) from a;() to oj'{). This shows that the two forms are cohomologuous and so 
is well-defined. 

Let us now prove that is surjective. Let wO represent a class in !D((Mq , ciJq), [i^q]'-^))- 
Sq —7- Mq be the S'^-bundle associated to Vq. Using the normal form for reduced spaces [H § 30.3], 
we can extend the map uj() to a smooth map uj: [— e, 1 + e] — )■ il*^™(MQ). For such map there is 
a symplectic form a) on Sq x [—£, 1 + e] such that the S^-action is Hamiltonian with moment map 
the projection onto [— e, 1 + e], as shown in |13l Proposition 5.8]. Performing symplectic cuts at 
and 1 provides a simple Hamiltonian manifolds (N; Mq , Ni) defining a class a £ S^{[i'q],ujq,1,£) 
and using a = id so that 0(a) = [uj{)]. 

To prove the injectivity of 0, suppose a, a' G S^{[i'q],ujq,1,£) are represented by symplectic 
forms u and w' on M = Cy^{Mo,UQ,£). These give rise to a;() and uj'() in I>((Mq , cjq), [z^q], 
representing 0(a) and 0(a'). If ©(a) = 0(a'), there exists a path WfQ G P((M^, cjg), [z/^], £) 
joining uj{) to uj'{). Because of the cohomology constraint in the definition of T>{{Mq,uJq), [i^Q],i), 
the cohomology class of uJt{X) is independent of t. By Moser's theorem [21 Theorem 7.3], there 
exists an isotopy pt: Mq x [0,£] — ;> Mq x [0,^], with pQ = id, such that ujt{) = Pt^O- This isotopy 
may be covered by an isotopy pt'. M ^ M with po = id. Let ut = ploj. By [I3l Proposition 5.8], 
we may deduce that Coi = Gj' . This proves that a = a', completing the proof. Q 

Theorem 16 . 1 1 reduces the identification of 5°([i^q], Wq, l,£) to computing ttq (V{{Mq, ojq), [i^q], ^)) . 
We only have results when the latter is reduced to one element. 

Theorem 6.2 Suppose thatri = 1. T/ien ttq (P((AfQ , Wq), [i^q],^)) = * ifl'^o] and e{uQ) are linearly 
dependent in the vector space i7|^(MQ ) of de Rham cohomology. 

The linear dependence condition is automatically fulfilled when HJ^{Mq) ~ M, as when Mq is 
a complex Grassmannian or G2(M"*"'"^) of Example 1.1.6. 

Proof: Let lo: [0,i] f7^?''"(M^) represent an element of P((M^, wg), [fo],£). As [lo^] 7^ 0, our 
hypothesis of linear dependence implies that there is a unique s G M such that e(fQ) = s[ti;Q]. 
Hence, 

[a.(A)] = K] + Ae(z.o«) = (l + As)K]. 

As [i^(A)] 7^ 0, we know that (1 + As) > 0. The symplectic form (1 + Xs)~^lo{X) thus satisfies 
[(1 + As)^^a;(A)] = [cOq]. By Moser's theorem [21 Theorem 7.3], there exists an isotopy 

pa: MS^MS, 
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with pq = id, such that ijo{X) = p^f^o- Hence, the equation 

u:t{\) = {l + Xs)pl^u:-^ (tG[0,l]) 

is a path in P((M^, wg), [z^q],^) joining uj{) to (1 + \s)uj'^. This shows that ■kq{V{{M^ ,uj^), [z/q],^)) 
has only one element. Q 

Using Theorem 16.11 Theorem 16.21 and its proof have the following corollary. 

Corollary 6.3 Let (M, Mo,Mi) he a \vQ\-simple Hamiltonian T-manifold with T-size i and asso- 
ciated character x- Suppose that = ri = 1 and that e{i'Q) = s [lOq] for some s G M. Then there 
exits a T-equivariant symplectomorphism a: C-^{Mq , Uq , £) M such that a\Mo = c^o- Moreover, 
{Mi,uji) is symplectomorphic to (Mq , (1 + s^) cjq). Q 

As a corollary below, we may reproduce Delzant's result [3l Theorem 1.2] in a slightly more 
precise way, with essentially the same proof rephrased in our framework. For the diagonal action 
of 5^ on C"^^, with moment map ^{z) = ^I^P, denote by (CP"^)^ the symplectic reduction at £: 

iCP"')i = C™+^ // . 

£ 

We also consider the symplectic cut (CP™)^ of C^^^ at £, equipped with the induced 5"'^-action 

and induced moment map (j): (CP'")^ — )• [0,i]. Observe that (CP'")^ is symplectomorphic to 
(CP"^~^^)i. Indeed, as the symplectic forms vary linearly in i, it is enough to prove this for i = 1. 
But (CP'")]^ and {CP"^~^^)i are both toric manifolds admitting as moment polytope an (m + 1)- 
simplex intersecting the weight lattice at its vertices. 

Corollary 6.4 Let (M^'",Mo,Mi) be a simple Hamiltonian -manifold of -size i, with Mq a 
single point. Then 

1. M is -equivariantly symplectomorphic to {CP^)i, endowed with a standard -action (mul- 
tiplication on a single coordinate). 

2. Ml is symplectomorphic to {CP^~^)£. 

Proof: Let {W,Wo,Wi) = (CP^)^,pt, (CP™)^) and, for A C R, let Xa = {z e C \ \z\ G A}. 
Let < e < e' < ^. Performing a symplectic cut to 14^ at e gives rise to two simple manifolds, the 
"lower" one {W-,pt, V^) and the "upper" one {W+, V^, Wi), together with symplectic 5^- equivariant 
embeddings h- : ^(o,e) — ^ W- and /i+ : X^^^/ — )• W+. From these, one can recover W. The quotient 
map p : ^[o,£] induces to an S^- equivariant symplectomorphism 

W^{W.- Vs) Uh_ X(o,,,) U,,^ {W+ - Vs) . (6.1) 

In the same way, performing a symplectic cut of M at e gives rise to two simple manifolds 
{M-,pt, N^) and {M^, N^, Mi). If $: M — )• [0,£] denotes the moment map, we get 5"^-symplecto- 
morphisms a_ : <I>~^([0, e)) — )■ M^ — N^ and a+ : <I>~^((e, ^]) — )• M+— A^^. By the local forms around 
a fixed point, there is an S^- equivariant symplectomorphism q: U ^ U' between neighborhoods 
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U and U' of Wq and Mq respectively. Choose e' small enough so that p(^(o,£')) C C/. We thus get 
two symplectic S^- equivariant embeddings 

g- = a-oqop: X(o,e) W- and 5+ = a+oqop: X^^^> W+, 

and an S^- equivariant symplectomorphism 

M^{M^- N,) X(o,,o Ug^ (M+ - N,) . (6.2) 

The symplectomorphism q induces an S^- equivariant symplectomorphism q^ : W- — )■ M_ such 
that g„o/i„ = g~, and also a symplectomorphism q^: Ve ^ Ng,. 

In order to get an S^- equivariant symplectomorphism from to M it is then enough, 
given (j6.ip and ()6.2p . to construct an S^- equivariant symplectomorphism — >• M+ such 
that q^oh^ = 9+- 

The problem may be reformulated as follows. Let Y be the upper manifold of the symplectic cut 
of X(o,£') at £. The embedding extends to a symplectic S^- equivariant embedding /i+ : y — )• W+ 
onto a tubular neighbourhood of 14 in and /i-f. determine each other. In the same way, 

5+ extends to a symplectic S^- equivariant embedding g^: Y ^ M+ onto a tubular neighbour- 
hood of in M_|_; and ^+ determine each other. We are then looking for an S^- equivariant 
symplectomorphism g+ : W+ — t- M_|_ such that g+ o /i+ = g^. As 5+ coincides with q^ on , it 
actually suffices to construct an S^- equivariant symplectomorphism q^: W+ — t- M_|_ extending q^. 
Indeed, by the uniqueness of S^-invariant tubular neighbourhood of up to symplectomorphism, 
it will be possible, taking e' smaller if necessary, to modify (7+ by an isotopy so that the condition 
g+o/i_(_ = g^ remains true. 

By construction, W+ is identified with {Cid{{CP"^'~^)e,r],i — e)), where r] is the Hopf bundle. 
The simple manifold (M_|_ , A''^ , Mi ) has 5^-size £ — e and the existence of the diffeomorphism g^ 
implies that g*{v{N^)) = rj. By Corollary 16.31 9e extends to an 5^-equivariant symplectomorphism 
q+ : W-^- — >• M_|_ as required. Q 



7 Examples of polygon spaces 



This section examples using polygon spaces. We recall below some minimal theory to state the 
results. For more developments, classification and references, see e.g. [8] and [7]. 

Let a = (ai,...,a„) £ M^, where := {(ai,...,a„) € | < ai < • • • < a„}. Let 
5"^, denote the sphere in M.^ with radius a^. We identify with so(3)* so that the Lie-Kirillov- 
Kostant-Souriau symplectic structure gives S^. the symplectic volume 2aj. The polygon space 
Ma is the symplectic reduction at 



■^"=(n^'.) // so 





for the the diagonal co-adjoint action of S0{3). The moment map for this action maps p ^ Pi, 
so we get 



Ma 



P = (Pl, ■■■,Pm) ^ 



p3\m 



Vi, 



\Pi\ 



ai 



m >. 

and Pi = 0> 
i=i J 



SO. 



(7.1) 
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as the moduli space of spatial configurations of a polygon with length-side vector a. Note that Ha 
is denoted by Pol (a) in [8] and by M^{a) in [7]). The origin is a regular value for the moment map 
if and only if there is no aligned configuration, that is the equation 

n 
i=\ 

has no solution with = ±1. Such length vectors a are called generic. 

When ^ aj for some then ^ij{p) = \pi + pj\ defines a smooth function j- : Ma ^■ 
This is the moment map of a Hamiltonian S'^-action on Ma, a particular case of a bending flow 
[9]. It acts on p by rotating pi and pj at constant speed around the axis pi + pj. The critical points 
for $j j are those configurations p for which {p^ | A; 7^ generate a one-dimensional space. 

If a G M" satisfies the inequalities 

On < y^ and a„ + ai > a, , (7-2) 

i<n i=2 

then A/'a is known to be diffeomorphic to CP"~^, as shown in [71 Example 2.6]. Using Corollary [631 
we get a precise symplectic description. 

Proposition 7.1 Let a = (ai, . . . ,a„,) G K" (n > 4J satisfying (17. 2p . T/ien AAq, is symplectomor- 
phic to {CP'^~^)i for £ = ai + • • • + a„,_i — a^- 

Proof: Since n > 4, the second equation in (j7.2p implies that 

a„, — a„,_i > a2 H an-2 — ai > . (7.3) 

Hence, the bending flow $ = $„^„_i is defined, with image 

/ = [an - a„-i, ai H an-2] , 

an interval of length I = ai + • • • + a^-i — an- The fact that a G together with the second 
inequality of (j7.3p imply that there are no critical points for $ in the interior of /. Hence, $ makes 
Ma a simple Hamiltonian manifold with 5'^-size equal to £. The manifold $~^(ai + • • ■an-2) is 
equal to a point. Proposition 17.11 then follows from Corollary 16.41 (exchanging the role of Mq and 
Ml). □ 

We now study the operation of adding a tiny edge to a polygon. Let a = (ai, ...,«„) G be 
generic. If e > is small enough, then, for all integer j G {1, . . . , n}, the n-tuple 

a(j, f^) = (ai, • • • , aj-i,aj + (5, aj+i, . . . , a„) 

belongs to R" and is generic when \6\ < e. We say that e is a-tiny. The manifolds Ma[j^s) &re 
then canonically diffeomorphic to Ma, see [3 Lemma 1.2 and its proof]. 
We shall now describe the symplectic manifold AAqe where 

a^ = (e,ai,...,a„) GM'l+i (7.4) 
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and e is a-tiny. For convenience, we will now index the coordinates by to n. We check that the 
bending flow 

^j,o '■ AAq-s Ij = [aj - e,aj + e] 
is well-defined and makes Ma^ a simple Hamiltonian S'^-manifold of 5^-size equal to 2e, with 

Mo = M'aij-e) and Mi = Ma{j,e) ■ 

For i = 0, . . . n, consider the space Ei of configurations p as in (j7.ip such that pi = (0, 0, Oj). 
This is the total space of a principal S'-'^-bundle ^ over Ma<^, or over N'a[i-e) if 1 < « < n. We also 
denote by E,i its associated complex line bundle. 

Proposition 7.2 Let a G M" and /et e > 6e imy for a. Then for each 1 < j < n, the bending 
flow ^jfl makes the manifold Ma^ -equivariantly symplectomorphic to CiA{J^a{j-e)i^j^'^^)- 

For two descriptions of Ma<^ as a smooth manifold, see [71 Proposition 2.2]. 

Proof: Choose an S'^-invariant almost complex structure on Ma^ compatible with the symplectic 
form and let v be the normal bundle to M^a^-e) in Na^. As = ri = 1, Corollarv 16.31 implies that 
there is an 5^-equivariant symplectomorphism from Cid{N'a[j-e): 2e) to AAqe. We have to identify 
u with ^j. 

The symplectic reduction of AAqe at A G Ij is Ma(j^\)- Identifying the latter with Ma gives a 
symplectic form u)x G Q'^{Ma) which, by the Duistermaat-Heckmann theorem satisfies the equation 

[^(A)] = K]+Ae(z.) 

in Hj^{Afa). Hence, 

e(^) = ^KA)]. (7.5) 

But, by [SI Remark 7.5.d], 

n 

[a;(0)] = ^a,ete). (7.6) 

1=1 

By (j7.5p and (j7.5p . we deduce that is isomorphic to ^j. Q 
Proposition 7.3 Lei a = (ag, . . . ,««) G K"''"^ satisfying 

ttn + CKQ < Ctj a^C^ Oin + Oil > , (7.7) 

/ei ^ = ao + • • • + — ctn- Then Ma is symplectomorphic to a symplectic cut of (CP'""^)^ so 

that the symplectic slice has size i — 2ao. 

In particular, J\fa is diffeomorphic to CP'""^ jjCP*" ^. For a generalization of this fact, see [Tj 
Example 2.12]. 

Proof: We note that a = in the sense of (I7.4p . where /3 = (ai, . . . ,a„,) satisfies (|7.2p . We 
use Proposition 17.21 and its notations, with the bending fiow $n,o- Hence, Ma is symplectomorphic 
to Cid{Ma{n,-ao)jS,n,'2oio)- Using (17. Sp and [8l Proposition 7.3], we deduce that e(^„) = —1. 

Thus, <&n^o rnakes Ma a simple Hamiltonian manifold {Ma, Mq, Mi) with Mq = (CP"'"^)^ and 
Ml = (CP )f 

-2aoi using Proposition [771] to identify A/q- □ 
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